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When compared to fault-tolerant quantum computational strategies, variational quantum algorithms stand as
one of the candidates with the potential of achieving quantum advantage for real-world applications in the near
term. However, the optimization of the circuit parameters remains arduous and is impeded by many obstacles
such as the presence of barren plateaus, many local minima in the optimization landscape, and limited quantum
resources. A non-random initialization of the parameters seems to be key to the success of the parametrized
quantum circuits (PQC) training. Drawing and extending ideas from the field of meta-learning, we address
this parameter initialization task with the help of machine learning and propose FLIP: a FLexible Initializer
for arbitrarily-sized Parametrized quantum circuits. FLIP can be applied to any family of PQCs, and instead
of relying on a generic set of initial parameters, it is tailored to learn the structure of successful parameters
from a family of related problems which are used as the training set. The flexibility advocated to FLIP hinges
in the possibility of predicting the initialization of parameters in quantum circuits with a larger number of
parameters from those used in the training phase. This is a critical feature lacking in other meta-learning
parameter initializing strategies proposed to date. We illustrate the advantage of using FLIP in three scenarios:
a family of problems with proven barren plateaus, PQC training to solve max-cut problem instances, and PQC
training for finding the ground state energies of 1D Fermi-Hubbard models.

I. INTRODUCTION

Variational quantum algorithms (VQAs) are a class of al-
gorithms well-suited for near-term quantum computers [1].
Their applications include quantum simulation and combina-
torial optimization, as well as tasks in machine learning such
as data classification, compression, and generation [2]. At the
core of these near-term quantum algorithms, we encounter a
parametrized quantum circuit (PQC) which acts as the quan-
tum model we need to train to successfully perform the spe-
cific task at hand [3]. Optimizing PQCs remains an arduous
task, and to date only optimizations over small circuit sizes
have been realized experimentally. Several obstacles limit the
scaling of VQAs to larger problems. In particular, the pres-
ence of many local minima and barren plateaus in the op-
timization landscape preclude successful optimizations even
for moderately small problems (see, e.g., [4–6]). Furthermore,
contrary to classical machine learning pipelines, the effort to
obtain gradients scales linearly with the number of parame-
ters [7] thus limiting the number of iterations one can realisti-
cally perform in practice.

Developing more efficient strategies for training PQCs is
needed to unlock the full potential offered by VQAs and is an
active topic of research [8–12]. Drawing and extending ideas
from the field of meta-learning, in particular [13], we pro-
pose to address this problem from an initialization perspective
and introduce FLIP: a FLexible Initializer for arbitrarily-sized
Parameterized quantum circuits. This initializer is trained on
a family of problems such that, after training, it can be used
to initialize the circuit parameters of similar but new problem
instances.

∗ alejandro@zapatacomputing.com

The flexibility to which the name of the framework alludes
takes several forms. First, rather than relying on a generic
set of initial parameters as e.g., in [8], the initial parameters
produced by FLIP are specially tailored for families of PQC
problems and can even be conditioned on specific details of
the individual problems. Secondly, the strategy is agnostic
to the structure of the PQCs employed and can be used for
any families of PQCs. Lastly, FLIP can accommodate circuits
of different sizes (i.e., in terms of the number of qubits, cir-
cuit depth, and number of variational parameters), within the
targeted family, both during its training and subsequent appli-
cations. This is in sharp contrast with previous meta-learning
parameter initialization approaches [10, 14].

We demonstrate several examples in which FLIP provides
practical advantages. During training, smaller circuits can be
included in the dataset to help mitigating the difficulties aris-
ing in the optimization of larger ones. Once trained, it shows
dramatically improved performances against random initial-
ization, and also compared to a selected set of other meta-
learning approaches while additionally being easier to train.
Moreover, it is successfully applied to the initialization of
larger circuits than the ones used for its training. This last
feature is of particular appeal as FLIP could be trained on
problem instances numerically simulated, and subsequently
be used on larger problems run on a quantum device. This
would allow to make the most out of cheap computational
resources and to leverage the latest progress in the numeri-
cal simulation of quantum circuits in order to scale VQAs to
numerically intractable problems where ultimately the advan-
tage of VQAs is expected.

This work is organized as follows. In Sec. II we describe
the theoretical and practical components of FLIP. In Sec. III
we discuss the main results obtained in three different sce-
narios where we observe a significant advantage of using our
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FIG. 1. Overview of FLIP . A generic parametrized quantum circuit (PQC) problem is composed of a parametrized circuit ansatz U(θθθ)
and an objective C which can be estimated through repeated measurements on the output state |ψ(θθθ)〉 = U(θθθ)|ψ0〉. Solving a PQC problem
corresponds to the minimization of the cost function C(θθθ) = C(|ψ(θθθ)〉). (a) Example of a PQC problem for a system size of n = 3 qubits,
and a quantum circuit with K = 6 parameters. (b) At the core of FLIP lies an encoding–decoding scheme which maps a PQC problem to a
set of initial parameters θθθ(0). Each of the K parameters of the circuit U is first represented as an encoding vector hhhk. This encoding contains
information about the parameter itself (orange squares), the overall circuit (blue squares) and optionally the objective (light-red squares).
Importantly, each of the encodings is of fixed size (here S = 5) and uniquely represents each parameter. These K encodings are then decoded
by a neural network, Dφ with weights φ, outputting a single value θθθ(0)k per encoding hhhk. This encoding–decoding scheme always produces a
vector of initial parameters θθθ(0) with dimension matching the number of circuit parameters. (c) These parameters θθθ(0) are used as the starting
point of a gradient descent (GD) optimization. During training of FLIP , the weights φ of the decoder are tuned to minimize the meta-loss
function L(φ) corresponding to the value of the cost after s steps of GD. Gradients of this loss can be back-propagated (green arrows) to the
weights φ of the decoder (details in the main text), which are updated accordingly. In practice FLIP is trained over PQC problems sampled
from a distribution of problems Cτ ∼ p(C), and tested over new problems drawn from the same or a similar distribution with, for example,
problems involving larger system sizes and deeper circuits.

initialization scheme. In Sec. IV we close with an outlook for
potential extensions of our work.

II. FLIP

The aim of FLIP is to accelerate optimization over targeted
families of PQC problems. More efficient optimization is ap-
proached here from an initialization perspective: one aims at
learning a set of initial parameters which can be efficiently
refined by gradient-descent. This point-of-view has recently
emerged in the field of meta-learning [13] showing promis-
ing results and has been followed by many extensions [15–
17]. However, in all these works the number of parameters
to be optimized is fixed, thus precluding their applicability to
circuits of different sizes. To overcome this limitation, we
introduce FLIP as a novel scheme which can accommodate
arbitrarily-sized circuits.

We first formalize the notion of family of PQC problems in
Sec. II A, then present the technical details of FLIP. The meta-
learning aspect of the framework is reviewed in Sec. II B, fol-
lowed in Sec. II C by a description of the encoding–decoding
scheme, i.e., the strategy we developed to be able to support
circuits of arbitrary sizes. As we will see, such scheme also
allows to incorporate any relevant information about the prob-
lems to be optimized, thus producing fully problem-dependent
initial parameters.

A. Learning over a family of related PQC problems

A generic PQC problem corresponds to a cost C(θθθ) =
C(U(θθθ)|ψ0〉) to be minimized, where U(θθθ) denotes a
parametrized circuit applied to an initial state |ψ0〉, and C
denotes an objective evaluated on the output of the circuit
(Fig. 1(a)). The objective is any function which can be es-
timated based on measurement outcomes. For instance, it
could be the expectation value C(|ψ〉) = 〈ψ|O|ψ〉 of a Her-
mitian operator O as it is often the case in VQAs [18, 19] or
a distance to a target probability distribution [20, 21]. We
emphasize that we have introduced a subtle distinction be-
tween the objective C(|ψ〉) which is agnostic to the circuit em-
ployed and the (PQC problem) cost C(θθθ) which is a function
of the parameters θθθ and depends both on the objective and on
the choice of parametrized circuit. In the following we will
mostly be interested in the latter.

Rather than considering any such PQC problem C indepen-
dently, we are interested in families of related similar prob-
lems indexed by τ and drawn from a probability distribution,
i.e., Cτ ∼ p(C). Such distribution can be obtained by fix-
ing the circuit ansatz U but varying the objective Cτ ∼ p(C),
or by fixing the objective and allowing for different circuits
Uτ ∼ p(U). More generally both the underlying objective
and circuits are varied.

As we will aim at exploiting meaningful parameters pat-
terns over distributions of PQC problems (this is discussed in
more details in Sec. II B and II C), we will impose some re-
strictions in the way these distributions are defined. In the
following, we will consider distributions over circuits of var-
ious sizes but with the same underlying structure, and over
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objectives with the same attributes. The exact details of the
distributions used are made explicit when showcasing the re-
sults.

B. Initialization-based metalearning

Meta-learning, i.e., learning how to efficiently optimize re-
lated problems, has a rich history in machine-learning [22,
23]. Here we focus on a subset of such techniques, dubbed
initialization-based meta-learners, in which the entire knowl-
edge about a distribution of problems p(C) is summarized into
a single set of parameters θθθ(0) which is used as a starting point
of a gradient-based optimization for any problem Cτ ∼ p(C).

In the original version of the method [13], these initial pa-
rameters are trained to minimize the (meta-)loss function

L(θθθ(0)) =

∫
p(C)Cτ (θθθ(s)τ ) dC (1)

where the parameters θθθ(s)τ , for the problem Cτ , are obtained
after s steps of gradient descent For instance, for a single step,
s = 1, of gradient descent θθθ(1)τ = θθθ(0) − η∇θθθCτ (θθθ(0)). In
practice, this number of steps is taken to be small (s < 10)
but non null. The case s = 0 corresponds to finding good
parameters on average rather than good initial parameters. It
was shown [13, 16] that in some cases even s = 1 can produce
drastically different and better parameters than the s = 0.

Training these initial parameters θθθ(0) is performed via gra-
dient descent of the loss function Eq. 1, which requires the
evaluation of the terms∇θθθ(0)Cτ (θθθ

(s)
τ ) where θθθ(s)τ depends im-

plicitly on θθθ(0). These terms can be obtained by virtue of the
chain rule but involve second-order derivatives (Hessian) of
the type ∇θθθi,θθθjCτ (θθθ). Evaluating these second-order terms is
costly in general [13] and even more in the context of quantum
circuits [24]. Fortunately, approximations of the gradients of
the loss involving only first-order terms have been found to
work well empirically, and we follow the approximation sug-
gested in [16]

∇θθθ(0)C(θθθ(s)τ ) ≈ θθθ
(s)
τ − θθθ(0)

η
, (2)

which has been shown to be competitive and allows for a
straightforward implementation.

C. Encoding–decoding of the initial parameters

The meta-learning approach presented in the previous sec-
tion requires the set of initial parameters θθθ(0) to be shared by
any of the problems Cτ ∼ p(C), which imposes the prob-
lems to have the same number of parameters. However, one
would expect that good initial parameters for a given PQC
problem should be informative for related problems, even if
of different sizes. For instance, the ground state preparation
of an N -particle Hamiltonian probably could share some re-
semblance with the preparation of the ground state of a simi-
lar but extended N + ∆N -particle system. Likewise, optimal

parameters for a circuit of depth dmay inform us about an ad-
equate range of parameter values for a deeper circuit of depth
d + ∆d. The existence of such circuit parameters patterns,
both as a function of the size of the system and of the depth
of the circuit, has been observed in the context of QAOA for
max-cut problems [6] and for the long range Ising model [25].
This motivates us to extend the idea of learning good initial
parameters for fixed-size circuits to learning good patterns of
initial parameters over circuits of arbitrary sizes.

For this purpose we introduce a novel encoding– decoding
scheme mapping the description of a PQC problem to a vector
of parameter values with the adequate dimension. The encod-
ing part of this map is fixed, while the decoding part can be
trained to produce good initial parameter values in the spirit of
Sec. II B. In addition, this mapping allows to condition these
initial parameters upon the relevant details of the objective, as
they can be incorporated in the description of the PQC prob-
lem produced by the encoding strategy. The general idea for a
single PQC problem is illustrated in Fig. 1(b) and detailed in
the following.

Each parameter, indexed by k, of an ansatz Uτ , is encoded
as a vectorhhhτk containing information about the specific nature
of the parameter and of the ansatz. It includes, for example,
the position and type of the corresponding parametrized gate,
and the dimension of the ansatz. Several choices could be
made but importantly we ensure that this encoding scheme re-
sults in encoding vectors of the same dimension S for each pa-
rameter, i.e., ∀k, τ, dim(hhhτk) = S and that distinct parameters
and circuits have distinct representations, i.e., ∀k 6= k′, hhhτk 6=
hhhτk′ and ∀Uτ 6= Uτ ′ , hhhτk 6= hhhτ

′

k . Explicit definitions of the en-
codings used for the results presented in Sec. III are provided
in Appendix. A 1.

Once this choice of encoding is taken, any PQC problem
containing an arbitrary number of parameters K is mapped
to K of such encodings. These are then fed to a decoder,
denoted Dφ, with weights φ, which is the trainable part of the
scheme. This decoder is taken to be a neural network with
input dimension S and output dimension one; that is, for any
given encoding hhhτk it outputs a scalar value, and when applied
to K of such encodings it outputs a vector of dimension K
which contains the initial parameters θθθ(0)τ for the problem Cτ
to be used in the meta-learning framework of Sec. II B. Note
the extra index τ when denoting these initial parameters θθθ(0)τ
as they now depend on the underlying problems.

In addition to the details of the parameters and ansatz, one
can also extend the encoding to incorporate objective-specific
details, that is relevant information about the objective C. This
straightforward extension allows to produce fully problem-
dependent initial parameters. Finally, in Sec. II D we discuss
practical aspects of the training and testing of FLIP .
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D. Training and testing

Training FLIP consists of learning the weights φ of the de-
coder to minimize the loss-function

L(φ) =

∫
p(C)Cτ (θθθ(s)τ (φ)) dC (3)

which is similar to Eq. 1, with the difference that the parame-
ters θθθ(s)τ (φ) are now obtained after s steps of gradient-descent
performed from the initial parameters θθθ(0)τ (φ) outputted by the
decoder (the dependence to the decoder weights φ has been
made explicit here). As illustrated in Fig. 1(c), the gradients
needed to minimize this loss function are obtained by virtue
of the chain rule:

∇φCτ (θθθ(s)τ ) = ∇
θθθ
(0)
τ
Cτ (θθθ(s)τ ).∇φθθθ(0)τ , (4)

where the new Jacobian term ∇φθθθ(0)τ contains derivatives of
the output of the neural network Dφ for the different encod-
ings hhhτk, while the term ∇

θθθ
(0)
τ
C(θθθ

(s)
τ ) was discussed earlier

and is approximated according to Eq. 2. Training such hybrid
schemes, involving backpropagation through quantum circuits
and neural networks, has been facilitated by the recent devel-
opment of several libraries [26, 27]. In practice each step of
training of FLIP consists of drawing a small batch of problems
from the problem distribution p(C) and using the gradients in
Eq. 4 averaged over these problems to update the weights φ.

Finally, once trained, the framework is applied to unseen
testing problems. Testing problems, indexed by τ ′, are sam-
pled from a distribution Cτ ′ ∼ p′(C). When presented to a
new problem Cτ ′ the encoding–decoding scheme is used to
initialize the corresponding circuit Uτ ′ , from which s′ steps
(typically larger than the number of steps s used for train-
ing) of gradient descents are performed. In the result sec-
tion, Sec. III, we draw these testing problems from distribu-
tions similar in nature to the training distribution but contain-
ing problems of larger sizes, involving in some cases circuits
twice as deep and as wide as the training ones.

III. RESULTS AND DISCUSSION

To put FLIP into practice we start with state prepara-
tion problems using simple quantum circuits, described in
Sec. III A. This will allow us to illustrate the working details
of FLIP , and the construction of a distribution of problems
where both the target states and sizes of the circuits are var-
ied. Furthermore, these tasks exhibit barren plateaus and we
show how such issues, arising from random initialization of
the circuits, could be circumvented using FLIP .

FLIP is then applied to some of the most promising types of
VQAs encountered in the literature. In Sec. III B we consider
the case of the quantum approximate optimization algorithm
(QAOA) [28] in the context of max-cut problems. As appli-
cations of QAOA to graph problems have been extensively
studied [6, 29–31], it will allow us to thoroughly benchmark

FLIP against competitive initialization alternatives and to fur-
ther investigate the patterns in the initial parameters that are
learned.

In contrast to QAOA ansätze, hardware-efficient ansätze
[32, 33] are tailored to exploit the physical connections of
quantum hardware. Typically, they aim at reducing the depth
of circuits, and thus the coherence-time requirements, at the
expense of introducing many more parameters to be optimized
over. As such, if successfully optimized, they could offer
practical applications in the near-term. In Sec. III C, we ap-
ply FLIP to the ground state preparation (VQE [34] calcula-
tions) of the one-dimensional Fermi-Hubbard model (FHM)
employing the low-depth circuit ansatz (LDCA) [33]. This
FHM is treated in the half-filling regime over a continuous
range of interaction strengths.

In all these examples we demonstrate the advantage of FLIP
compared to random initialization or other more sophisticated
alternatives, and systematically assess its ability to success-
fully initialize larger circuits than the ones it was exposed to
during training. All the results are obtained on numerical ex-
periments which were carried out with Orquestra® [35], Zap-
ata’s proprietary platform for workflow and data management.
We also leverage here its integration with Tensorflow Quan-
tum [27].

A. Mitigating barren plateaus in state preparation problems

Rather than considering the preparation of a single target
state |ψtgt〉, we consider a family of target states |ψtgtτ 〉 which
are computational basis states with only one qubit in the |1〉
state, at target position pτ . This allows us to generate prob-
lems, indexed as usual by τ , where both the size of the target
state nτ and the position pτ can be varied. For example, for
nτ = 3 qubits, and a position pτ = 2, the target state reads
|ψtgtτ 〉 = |010〉.

The circuits are composed of dτ layers of parametrized sin-
gle qubit gates Ry(θ) applied to each qubits, followed by
controlled-Z gates acting on adjacent qubits (where the first
and last qubits are assumed to be adjacent). The resulting
parametrized circuits contain Kτ = nτdτ variational parame-
ters. The objective to be minimized is taken to be the negated
fidelity Cτ (θθθ) = 〈ψ(θθθ)|Oτ |ψ(θθθ)〉, with Oτ = −|ψtgtτ 〉〈ψtgtτ |.
Distributions of problems are thus fully specified by defining
how to sample the integers nτ , dτ and pτ . A single problem
with nτ = 3 qubits, dτ = 6 layers, and position pτ = 2 is
illustrated in Fig. 2(a).

For training, we consider a distribution of problems where
the integers nτ ∈ [1, 8] qubits, dτ ∈ [1, 8] layers, and
pτ ∈ [1, nτ ] are uniformly sampled within their respective
range. Further details about the hyper-parameters used dur-
ing training can be found in Appendix. A. For testing, 50 new
problems are sampled with nτ ′ ∈ [4, 16] qubits, dτ ′ ∈ [4, 16]
layers, and pτ ′ ∈ [1, nτ ′ ], that is from a distribution contain-
ing problems supported by the training distribution but also
larger problems (with circuits up to twice as wide and as deep
as the largest circuit in the training set).

Convergence of the optimizations performed over these
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(a) (b) (c)

FIG. 2. State preparation problems. Each problem consists in the preparation of a target state |ψtgtτ 〉 of size nτ with all qubits in the |0〉
state except one, at target position pτ , which is in the |1〉 state. The objective to minimize is the negated fidelity, i.e., the expectation value
of the operator Oτ = −|ψtgtτ 〉〈ψtgtτ |. Circuits are composed of dτ layers of parametrized Ry gates followed by fixed controlled-Z gates. (a)
Problem instance for nτ = 3 qubits, dτ = 6 layers and target position pτ = 2, that corresponds to the target state |ψtgtτ 〉 = |010〉. FLIP
is trained over circuits with sizes up to nτ = dτ = 8 but tested up to the case nτ = dτ = 16. (b) Results of optimizations over 50 testing
problems for circuits either initialized randomly (orange curves) or with FLIP (blue curves). The deviations of the objective from its minimum
are reported as a function of the number of optimization steps (iterations). (c) Initial values of the deviations in the objective (top panel) and
variances in its gradients (bottom panel). These are obtained for various system sizes n, a number of layers d = n and a target position fixed to
p = 1. The shaded grey regions highlight system sizes used when training FLIP . In the case of random initialization, the exponential decrease
of the variances as a function of the system size indicates the presence of barren plateaus.

testing problems are depicted in Fig. 2(b) with a comparison
of circuits initialized with FLIP (blue curves) and randomly
initialized (orange curve). In both cases, 100 steps of sim-
ple gradient descent are performed after initialization. The
absolute minimum of the objective which can be reached for
these state preparation problems is Cmin = −1, and we re-
port the average (and confidence interval) of the deviation
∆C = C − Cmin from this minimum as a function of the
number of optimization steps.

One can see that circuits initialized by FLIP can be quickly
refined to reach an average value of ∆C ≈ 0.1% after fewer
than 30 iterations. This is in contrast with optimizations start-
ing with random initial parameters which even after 100 itera-
tions only achieve an average ∆C ≈ 50%. These average re-
sults are dissected in Appendix. B 2 where optimization traces
on individual problems are displayed (Fig. 6). These individ-
ual results show that the benefit of FLIP is particularly appre-
ciable for the largest circuits considered: for problems with
nτ ′ = dτ ′ ≥ 12, most of the optimizations starting with ran-
dom parameters fail in even slightly improving the objective,
while optimizations of circuits initialized with FLIP converge
quickly.

These patterns in optimizations with randomly initialized
parameters are symptomatic of barren plateaus. To further
understand the advantage of FLIP in this context, in Fig. 2(c)
we compare the initial values of the objective and gradients
for PQCs initialized randomly (orange curves) and with FLIP
(blue curves). In the top panel the deviations ∆C = C−Cmin
of the objective values are reported while the variances ∆2∂θ
of the cost function gradients are displayed in the bottom
panel. Shaded regions indicate circuit sizes seen by FLIP dur-
ing training.

For random initialization, the deviations of the objective
value are always close to its maximum value 1, i.e., far away
from the optimal parameters. Furthermore one can see that

the amplitude of the gradients exponentially vanishes with the
system size, thus preventing successful optimizations. Cir-
cuits initialized with FLIP (blue curves) exhibit strikingly dif-
ferent patterns. For problem sizes n ≤ 8 qubits, seen during
training (shaded regions), both the objective and the gradient
amplitudes are small, showing that FLIP successfully learnt
to initialize parameters close to the optimal ones. When the
size of the circuits is increased further (n > 8), the objective
values increase, indicating that circuits are initialized further
away from ideal parameters. This degradation is expected as
FLIP has to extrapolate initial parameters patterns found for
small circuits to new and larger ones. Nonetheless, in all cases
the values of the initial objective stay significantly better than
the ones obtained for random initialization. More remarkably,
the amplitudes of the initial gradients remain non-vanishing
for the range of circuit sizes studied, thus allowing for the fast
optimization results displayed in Fig. 2(b).

Complementary results are provided in Appendix. B. In
particular, we verify that FLIP remains competitive even when
trained and tested with noisy gradients (Appendix. B 4). Over-
all, these results illustrate the ability of FLIP to learn patterns
of good initial parameters with respects to the specific objec-
tive details (here corresponding to the target state to be re-
alized) and the circuits dimensions. For these state prepara-
tion examples, where such structure exists and is relatively
simple, this lead to the ability to avoid the barren plateaus
phenomenon which would have arisen from random initializa-
tion. This motivates us to apply FLIP further to more practical
VQAs.

B. Max-cut graph problems with QAOA

The Quantum Approximate Optimization Algorithm
(QAOA) [28] was suggested as an approximate technique
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(b) (c)(a)

FIG. 3. QAOA applied to max-cut problems. (a) The graph instances Gτ are drawn from an Erdos-Renyi distribution PER(G; e), with
the parameter e ∈ [30%, 90%] specifying the probability of any edge to be included. Example for a graph with nτ = 6 nodes and probability
e = 50%. Solving the max-cut of the graph Gτ can be mapped to the minimization of the expectation value 〈Oτ 〉 of the cost operator defined
in the figure. This ground state preparation is attempted with a QAOA ansatz consisting of dτ layers, of parametrized problem (orange) and
mixer (green) unitaries. (b-c) Different initialization strategies (described in the main text) are compared: FLIP , recurrent neural network
based meta-learning (RNN), heuristics initial parameters, and random initialization. Except for the case of random initialization each of the
initialization strategies is trained beforehand. For FLIP this training is performed over circuits with dτ ≤ 8 layers, while RNN and heuristics
are trained on circuits containing dτ = 8 layers (as they cannot be trained on circuits of varying depths). Optimization results averaged over
100 new testing graph instances containing nτ ′ = 12 nodes and circuits with (b) dτ ′ = 8 (b) and (c) dτ ′ = 12 layers. For FLIP, the latter case
corresponds to testing over more parameters than initially trained for. The RNN needs to be re-trained from scratch on these larger circuits and,
thus, labelled unfair since it is given this advantage over FLIP which does not use training with these larger instances to make its predictions.
The heuristics initial parameters trained for 8 layers can be padded with random values, or new heuristics parameters can be re-trained on the
larger circuits (thus labelled unfair). FLIP is not re-trained but still outperforms other initialization strategies.

for optimizing combinatorial problems. Since its proposal,
QAOA has received a lot of attention with recent works fo-
cusing on aspects of its practical implementation and scaling
[6, 25, 36, 37]. Alternating-type ansätze such as QAOA as
well as the Hamiltonian Variational Ansatz [18, 38] have the
advantage of being parameter-efficient. Still, optimizing such
ansätze can be challenging and it was found that even for small
problem sizes, the optimization landscape is filled with local
minima [6, 31]. This has motivated many works [6, 10, 11, 39]
aiming at devising more efficient optimization strategies. We
first briefly recall the definition of max-cut problems and of
the QAOA ansatz, then apply FLIP and compare it to random
initialization and other more sophisticated initialization strate-
gies.

Consider a graph G with a set of n nodes V and a set
of edges E . The maximum cut of this graph is defined as
the partition (V1,V2) of V , which maximizes the number
of edges having both an end-point in V1 and V2. A max-
cut problem can be mapped to the n–qubit operator O =∑

(i,j)∈E ZiZj , whose ground state provides a solution to
the problem. While in principle this ground state prepara-
tion could be attempted with any type of PQCs, it is typical
to resort to QAOA ansätze for these problems. A QAOA
ansatz is formed of repeating composition of problem and
mixer unitaries, defined respectively as UP (γ) = exp(−iγO)
and UM (β) = exp(−iβ

∑n
i=1Xi). For d of such layers

the overall ansatz reads U(θθθ) =
∏1
l=d UM (βl)UP (γl) where

θθθ = (γ1, β1, . . . , γd, βd) is the set of the K = 2d parameters
to be optimized over.

In the following we consider randomly generated graph in-
stances Gτ ∼ PER(G; e) drawn from an Erdos-Renyi distri-
bution with parameter e. This parameter e specifies the prob-

ability of any edge to belong to the graph. We follow [10]
and rather than keeping this probability fixed we also sample
it uniformly from eτ ∈ [30%, 90%] each time a new graph is
drawn. When training FLIP , we consider a number of graph
nodes nτ ∈ [2, 8] and a number of circuit layers dτ ∈ [2, 8],
both uniformly sampled. An instance of a QAOA max-cut
problem belonging to the training data set is illustrated in
Fig. 3, for the case where dτ = 4 layers, nτ = 6 nodes and
eτ = 50%.

As in the previous case, we will compare optimizations
with circuits initialized by FLIP against random initializa-
tions, but we will also include more competitive baselines.
In [29], it was reported that the objective values of QAOA
ansätze concentrate for fixed parameters but different prob-
lem instances. In other words, good parameters obtained for
a given graph are typically also good for other similar graphs.
While these results are obtained for 3–regular graphs and a
number of layers smaller than the number of nodes, this moti-
vates us to build a simple general initialization strategy. This
strategy - that we call heuristics initialization - consists in:

(i) performing optimization over randomly drawn training
problems,

(ii) selecting the set of optimal parameters resulting in the
best average objective value over the training problems,

(iii) reusing these parameters as initial parameters when op-
timizing new problems.

The two-step training part of the strategy allows to mitigate
for (i) optimizations trapped in local minima by repeated op-
timizations, and (ii) to ensure that the selected parameters are
typically good for many other problems.
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In addition, we also include results obtained with the re-
current neural network (RNN) meta-learner approach [10]. A
RNN is trained to act as a black-box optimizer: at each step
it receives the latest evaluation of the objective function and
suggests a new set of parameters to try. After the training,
this RNN can be used on new problem instances for a small
number of steps. The best set of parameters found over these
preliminary steps is subsequently used as initial parameters of
a new optimization. For its implementation we follow [10].

In contrast with FLIP , both the heuristics and the RNN ini-
tializer require that all the problem instances share the same
number of parameters. For QAOA circuits, this restricts the
circuits employed to be of fixed depth, although the number
of graph nodes considered can be varied as it does not relate
directly to the number of parameters involved. Hence, when
training these alternative initializers, we consider a similar
training distribution as the one used for FLIP , with the ex-
ception that all circuits are taken to be of fixed depth, dτ = 8
layers.

A first batch of testing problems are generated for graphs
with nτ ′ = 12 nodes and circuits with dτ ′ = 8 layers. Aver-
age optimization results (and confidence intervals) over 100 of
such testing problem instances are reported in Fig. 3(b). The
four different initialization strategies previously discussed are
compared. One can see that the simple heuristic strategy al-
ready provides a significant improvement compared to ran-
dom initialization, thus highlighting the importance of in-
formed initialization of the circuit parameters. An extra im-
provement is achieved when using the RNN initializer. Finally
circuits initialized with FLIP exhibit the best final average per-
formance over these problems. While initial objective values
are similar for circuits initialized by FLIP and RNN, the initial
parameters produced by FLIP are found to be more auspicious
to further optimization.

Results for new testing problems with an increased depth
of dτ ′ = 12 layers are displayed in Fig. 3(c). The heuristics
initial parameters trained on circuits with dτ = 8 layers, are
adapted to these larger circuits by padding the missing addi-
tional parameters entries with random values. However, there
is no straightforward way to fairly extend the RNN trained on
circuits with dτ = 8 layers to these larger circuits. Hence,
we include the heuristics and RNN initializer re-trained from
scratch on problems with dτ = 12 layers. These are labeled
as “unfair” in the legend as they are trained on circuits 50%
deeper than the largest ones seen by FLIP during its train-
ing. Remarkably, even in this challenging set-up, FLIP outper-
forms all the other approaches, albeit only showing an almost
indistinguishable advantage compared to the RNN trained on
the dτ = 12 layered circuits (∆C ≈ 0.06).

We also investigate the patterns in the initial parameters
found by the framework. These are plotted for different circuit
sizes ranging from d = 2 to d = 15 layers, in Fig. 9 of the
Appendix. C. In particular, we found similar patterns as the
ones discovered and exploited in [6]. In contrast to [6], these
patterns are learnt during a single phase of training, without
requiring neither sequential growing of the circuits nor the use
of handcrafted extrapolation rules.

Having shown the benefits of FLIP for initializing QAOA

circuits, we now consider its application to a circuit ansatz
with a more involved structure.

C. Initializing LDCA for the 1D Fermi-Hubbard Model

The Fermi-Hubbard model (FHM) is a prototype of a many-
body interacting system, widely used to study collective phe-
nomena in condensed matter physics, most notably high-
temperature superconductivity [40]. Despite its simplicity,
FHM features a broad spectrum of coupling regimes that are
challenging for the state-of-the-art classical electronic struc-
ture methods [41]. In the context of VQAs, various classes of
FHMs were used to benchmark VQE optimizers [11] and pa-
rameter initialization heuristics [10]. Recently Cade et al. [42]
analyzed the prospect of achieving quantum advantage for the
large scale VQE simulations of the two-dimensional FHM,
emphasizing the need for efficient circuit parameter optimiza-
tion techniques, including those based on meta-learning. Here
we consider the one-dimensional FHM (1D FHM), which de-
scribes a system of fermions on a linear chain of sites with
length L. The 1D FHM Hamiltonian is defined as the follow-
ing in the second quantization form:

H1D FHM =− t
∑
σ=↑,↓

L−1∑
j=1

(a†j+1,σaj,σ + a†j,σaj+1,σ)

+ U

L∑
j=1

nj,↑nj,↓ − µ
∑
σ=↑,↓

L∑
j=1

nj,σ,

(5)

where j indexes the sites and σ indexes the spin projection.
The first term quantifies the kinetic energy corresponding to
fermions hopping between nearest-neighboring sites and is
proportional to the tunneling amplitude t. The second term
accounts for the on-site Coulomb interaction with strength U .
Symbols nj,σ refer to number operators. Lastly, the third term
is the chemical potential µ that determines the number of elec-
trons or the filling. For the half-filling case, in which the num-
ber of electrons N is equal to L, µ is set to U

2 .
For the infinite 1D FHM, the ground state energy density

per site is exactly solvable using the Bethe ansatz [43]. Conse-
quently, equipped with verifiable results, this model has been
proposed as a benchmark system for near-term quantum com-
puters [44]. In this work, ground state energies of the 1D FHM
over a range of chain lengths are systematically estimated us-
ing the VQE algorithm. With increasing system size (chain
length) and corresponding increase in the circuit resources
(e.g., depth or gate count) of the respective VQE ansatz, the
noise in the quantum device deteriorates the quality of the so-
lutions. The maximum chain length before the device noise
dominates the quality of VQE solutions informs the maximum
capability of the particular quantum device at solving related
algorithm tasks.

Implementation of such VQE benchmark on near-term de-
vices requires a careful design of a variational ansatz with low
circuit depth. A candidate for such ansatz is the “Low-Depth
Circuit Ansatz” (LDCA), a linear-depth hardware-inspired
ansatz for devices with linear qubit connectivity and tunable
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(b)(a)

FIG. 4. Optimization results for the 1D Fermi-Hubbard model (1D FHM). FLIP is trained on LDCA ansätze with a number of layers
dτ ≤ 6 and a number of sites Lτ ≤ 6. All 1D FHM instances are in the half-filling regime with positive interaction strength U ∈ [0, 10].
For testing these numbers are increased to dτ ′ = 8 and Lτ ′ ∈ {6, 8, 10}. Optimizations of the circuits initialized by FLIP (blue curves) or
randomly (with 5 restarts) are compared. (a) Convergence of the l1− normalized energies 〈Cl1〉, averaged over the testing problems. For
random initialization the average (orange curve), and the best per problem over the 5 restarts (green curve) are reported. (b) Results for
individual testing problems with interaction strengths U = 0, 5 and 10 (from left to right column) and a number of sites L = 6, 8 and 10 (from
top to bottom row). Deviations ∆C = C − Cmin of the optimized raw energies from the true ground state energies are reported. Each of the
five traces correspond to the repeated random initialization (orange curves).

couplers [33]. While LDCA was shown to be effective in esti-
mating ground state energies of strongly correlated fermionic
systems, its application has been limited to small problem
sizes due to the quadratic scaling of parameters with the sys-
tem size and the corresponding difficulty in parameter opti-
mization. A recent work proposed an optimization method
for parameter-heavy circuits such as LDCA, but the reported
simulations for LDCA required many energy evaluations on
the quantum computer [45]. This prompts a need for better
parameter initialization strategies to reduce the number of en-
ergy evaluations. For a parameter-heavy ansatz like LDCA, in
which the role of each parameter (and its corresponding gate)
is not easily understood, it would especially be beneficial to
have an initialization strategy that is effective across a family
of related problem instances. This poses an opportunity for a
strategy like FLIP.

In the following paragraphs, we describe details and results
for applying FLIP to initialize number-preserving LDCA for
1D FHM problem instances of varying chain lengths L and
numbers d of circuit layers (named “sublayers” in LDCA).
The structure of LDCA used in this study, including the defini-
tion of a sublayer, can be found in the Appendix of Ref. [45].
In all cases the ansatz circuit is applied to non-interacting anti-
ferromagnetic initial states with two electrons per occupied
lattice site. For this version of LDCA, which conserves the
particle number, there are K = 3d(n − 1) + n parameters
where the system size n = 2L, i.e., two qubits are used per
lattice site.

Training instances for FLIP were generated for a number
of sites Lτ ∈ [1, 6], a value of the interaction Uτ ∈ [0, 10]
and a number of LDCA sublayers dτ ∈ [1, 6]. For each new
training problem, these values are sampled uniformly within
their respective discrete or continuous ranges and the cost

function is taken to be to the expectation value of the l1-
normalized version of the problem Hamiltonian, Eq. 5. For
testing, both the number of sites and of circuit layers are in-
creased to Lτ ′ ∈ {6, 8, 10} and dτ ′ = 8 and values of U are
taken at regular intervals in the range [0, 10]. Extended details
on the training and testing can be found in Appendix. A.

Optimization results averaged over the testing problems are
reported in Fig.4(a). For random parameter initialization, each
problem optimization is restarted five times. Results corre-
sponding to the average over these repetitions (orange) or to
the best per problem (green) are compared to optimizations of
circuits initialized with FLIP (blue). After only c.30(50) steps
of optimization, circuits initialized with FLIP achieve simi-
lar convergence when compared to 100 steps of optimizations
from random initialization for the average (best of five) case.
When looking at individual cases, as reported in Fig.4(b), one
can see that again the advantage of FLIP is the most promi-
nent for the largest circuits (last row) over which it was ap-
plied. Importantly, FLIP outperforms random initialization in
the strong coupling regime (i.e., away from U = 0), where
the non-interacting initial state generally provides a poor start-
ing point for VQE optimization. We emphasize that prior to
this study there was no method for initializing parameters of
LDCA circuits other than assigning random values.

Finally, in Appendix. D we report results obtained for an
extended number of optimization steps performed after ini-
tialization. We also include results for the case where the in-
teraction strength can adopt both positive and negative values.
In particular, we obtained similar positive results for the case
U ∈ [−3, 10] but less of an advantage found on the extended
range U ∈ [−10,−3]. There, we discuss potential modifica-
tions to FLIP to boost its performance in that region as well.
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IV. OUTLOOK

In its simplest form, FLIP can be applied to a single VQA
objective but with circuits of varying depths. Rather than
growing the circuits sequentially and making incremental ad-
justments of parameters [6, 12, 25], which may fail in certain
cases [46], FLIP aims at capturing and exploiting patterns in
the parameter space and thus can provide a more robust ap-
proach. This flexibility towards learning over circuits of dif-
ferent sizes is one of the outstanding features of our initial-
ization scheme. Still, as illustrated in the three case studies
presented here, the full capability of FLIP appear in scenarios
where both the circuits and the objectives (corresponding to
the target states in Sec. III A, the graph instances in Sec. III B,
and the interaction strengths in Sec. III C) are varied. Rather
than considering each task individually, FLIP provides a uni-
fied framework to learn good initial parameters over many
problems, resulting in overall faster convergence.

Although the first use case of applying FLIP to mitigate
barren plateaus was demonstrated in a simple synthetic setting
similar to those previously studied in the literature, we further
demonstrated that FLIP is a promising initialization technique
for more complex problems. The intuition behind a success-
ful parameter initialization with FLIP is that as long as there
is some (hidden) structure in the parameter space that can be
learned by the framework, this can be exploited to adequately
initialize new circuits even when these circuits are larger than
the ones seen during training. A clear demonstration of learn-
ing such patterns was the application of FLIP to the max-cut
instances in QAOA, in which it outperformed other proposed
initialization techniques. We also observed an enhancement
over random initialization in the application to the 1D FHM
instances, where the structure in the parameter space is not
obvious even after training. We are currently working on ex-
tending FLIP to other application domains, especially those
that lack a “problem Hamiltonian” to guide the construction
of the circuit ansatz. This is, for example, the case for proba-
bilistic generative modeling with Quantum Circuit Born Ma-
chines (QCBMs) [20].

We highlight that our proposed encoding–decoding scheme
allows to fully condition the initial parameters with respect
to specific details of the task-at-hand, e.g., the interaction

strength of the parametrized Hamiltonians in Sec. III C. Such
task-dependent feature was also proposed in [14] but their
method was limited to fixed-size circuits and relied on a more
rigid encoding scheme. This possibility to easily incorporate
informative details of the task can be further explored and
exploited. For the QAOA graph problems, we intend to ex-
tend the encoding of Sec. III B to also incorporate information
about the graph instances, e.g., their densities.

The meta-learning aspect of FLIP we have adapted
here [13] is a well-studied paradigm for which many exten-
sions have been proposed [15–17, 47]. These could be readily
incorporated. In particular, the ability to train the learning
rates to be used after initialization [15], in addition to training
the initial parameters, could further contribute to more effi-
cient optimizations (this is discussed further in Appendix. D).

Finally, we note that a recent work reported well-behaved
optimization landscapes for over-parametrized circuits in the
case of employing the Hamiltonian Variational Ansatz [38].
In this work, the authors observed that for circuits with depths
scaling at most polynomially with the system size, low-quality
local minima in corresponding objective landscapes disap-
pear, and optimization becomes relatively easy. It would be
interesting to apply FLIP to these problems and assess if this
onset of “easy trainability” can be even further enhanced with
better initialization strategies. In general, we expect that in-
formed initialization of the parameters can accelerate conver-
gence and thus reduce the overall number of circuits to be
run, which is critical for extending the application of VQAs to
larger problem sizes. As gate-based quantum computing tech-
nologies mature, initialization techniques which embrace this
unique flexibility will be essential to mitigate the challenges in
trainability posed for PQC-based models and eventually scale
to their application in real-world applications settings.
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Appendix A: Hyper-parameters

In this appendix we report the design choices, commonly
referred as hyper-parameters, used for the results presented in
Sec. III. For both the state preparation example of Sec. III A
and the FHM of Sec. III C, FLIP is only compared to random
initialization. For the max-cut problems of Sec. III B, FLIP
is compared to other trainable initialization strategies (heuris-
tics and RNN) for which the hyper-parameters used are also
reported here. These hyper-parameters are grouped in three
categories: Encoder-Decoder for FLIP (A 1), training of the
initializers (A 2) and testing (A 3).

1. Encoder – Decoder

As detailed in Sec. II C, the encoding part of FLIP consists
of a fixed mapping from any parameter belonging to a PQC

problem to an encoding vector of size S. Crucially, this en-
coding vector is taken such that any pair of parameter and
circuit is mapped to a distinct vector. These encodings are
then fed to a trainable decoder producing initial values of the
parameters.

For the state preparation problems in Sec. III A, each en-
coding vector contains the location of the parametrized gate,
i.e., its qubit and layer index, and the size of the overall ansatz,
i.e., its number of qubits and layers. In addition to these 4 val-
ues, the target position which specifies the state to be prepared
pτ is also included, accounting for a total size of S = 5 values
per encoding.

For the QAOA circuits in Sec. III B, the layer index, the to-
tal number of layers, and a Boolean value indicating the gate
type (problem or mixer unitary) are part of the encoding, giv-
ing a total of S = 3 entries.

At last, for the LDCA circuits in Sec. III C, each encod-
ing includes the index of the first qubit the corresponding
parametrized gate acts on, the type of gate, and its layer in-
dex. In this case, eight different types of gates are involved
and are encoded using a one-hot encoding of size 8. The eight
gate types are the following:

• Rz acting on initial states (1) |0〉 and (2) |1〉,

• Gate operations e−iθXX/2 or e−iθY Y/2 in (3) even and
(4) odd circuit layers [48],

• Gate operation e−iθZZ/2 in (5) even and (6) odd layers,

• Gate operations e−iθXY/2 or e−iθY X/2 in (7) even and
(8) odd layers.

We refer the readers to [45] for further details on the construc-
tion of the ansatz. Additionally, the size of the ansatz, i.e., its
number of layers and qubits, and the value of the interaction
strength U are also included, giving an overall dimension of
S = 13.

The decoder consists of a simple feed-forward neural net-
work, with ReLu activation functions and linear output, of di-
mensions (number of layers × neurons per layer) 6 × 30 for
the state preparations, 4× 30 for the max-cut, and 4× 20 for
the FHM problems.

In machine learning, it is good practice to make sure that
inputs and outputs of neural networks have reasonable scale.
For this purpose, the outputs of the decoder, which corre-
spond to rotation angles, are systematically rescaled by a fac-
tor π and elements of the encoding vectors (except for the
gate types) are divided by a factor in between 10 to 15, as we
consider circuits up to maximum of c.20 qubits and layers.
Finally in all the examples the costs used during training are
normalized using the l1-norm of the corresponding operators.

2. Training

For training, we report in Table. I the number N of prob-
lem instances used and their sizes, i.e., the number of qubits n,
the depth d, and the number of parameters K of the circuits.
In the case of FLIP these values are indicated as a range, as
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training is performed on problems of different sizes. In addi-
tion we include the learning rate α and number of epochs e
used for training. All the initializers are trained using Adam
[49] with learning rate α. For FLIP the value s, used in Eq. 1,
corresponding to the meta-learning aspect is fixed to 5, and η
is reported in Table I.

TABLE I. Training hyper-parameters.

N n d K e α η

State preparation
FLIP 150 [1,8] [1,8] [1,64] 100 4.10−3 10−1

QAOA
FLIP 200 [6,9] [1,8] [1,16] 90 4.10−3 10−1

Heuristics 200 [6,9] 8 16 4.10−3 10−1

RNN 200 [6,9] 8 16 400 4.10−3 10−1

Fermi-Hubbard
FLIP 300 [4,12] [2,6] [8,276] 100 10−3 2.10−2

3. Testing

Similarly, in Table II we report the number of problem in-
stances N used to produce the averaged testing results and
their sizes. After initialization (either with FLIP , randomly
or other initializer presented in Sec. III B), optimizations are
performed for 100 steps with standard gradient descent (III A)
or Adam (Sec. III B, III C). The learning rates α used are also
reported. In each case we ensured that appropriate learning
rates were chosen. For random initialization, these were found
to be larger than the rates used after informed initialization.

TABLE II. Testing hyper-parameters.

N n d K α

State preparation
FLIP 50 [4,16] [4,16] [22,210] 10−1

Random " " " " 3.10−1

QAOA
FLIP 100 12 8(12) 16(24) 2.10−2

Heuristics " " " " 2.10−2

RNN " " " " 2.10−2

Random " " " " 10−1

Fermi-Hubbard
FLIP 21 [12,20] 8 [268,476] 2.10−2

Appendix B: State preparations

In Sec. III A we compared optimizations for state prepa-
ration problems, ran for PQCs initialized both randomly and
with FLIP . Results presented in Fig. 2 show the advantage
of FLIP over random initialization on average over 50 testing

Training

Testing

FIG. 5. Empirical variances in the gradients of the state preparation
objectives for randomly initialized circuits. These variances are ob-
tained for different system sizes from n = 2 to 16 qubits and a circuit
depth scaling linearly with the size, n = d. Each circuit is repeated
250 times with random parameters, and we report the average of the
variances of the gradient ∆2∂θ over each parameter. Optimization
of the circuits with sizes highlighted in orange squares are studied
individually in Fig. 6,7, 8.

problems. Here we further characterize this advantage. First,
in Appendix. B 1, we present extended data exhibiting vanish-
ing gradient patterns, i.e., barren plateaus, for randomly ini-
tialized circuits. Then, individual optimization results are re-
ported in Appendix. B 2. In line with Sec. III A, these results
are obtained with standard gradient descent routines, however
we notice that one could seemingly escape barren plateaus in
the case of random initialization by using more refined opti-
mization techniques, i.e., Adam [49]. This is reported and dis-
cussed in Appendix. B 3. However, as showcased in Sec. B 4,
when noise is taken into account, this workaround collapses.
Still, even with the addition of noise during training and test-
ing, FLIP remains highly competitive.

All the results in this appendix section correspond to the
problems presented in Sec. III A and, except when explicitly
stated otherwise, we resort to the exact same version of FLIP
, that is without any additional training. For the sake of sim-
plicity we only illustrate results for the case where the target
position is fixed to p = 1, which corresponds to the task of
preparing a state |10 . . . 0〉 of arbitrary size, but other values
of p exhibit similar performances.

1. Vanishing gradients

In Fig. 5(c) we report empirical variances of the gradients as
a function of the system size. For these data we take the num-
ber of layers to be equal to the system size. Variances ∆2∂θ
are obtained over 250 random initializations for each circuit
size and averaged over each of the parameters. We observe an
exponential decay of these variances as a function of the sys-
tem size n, indicating the emergence of barren plateaus: for
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FIG. 6. Individual optimization results for the state preparation
problems with circuits of different sizes from n = d = 4 to n = d =
16. Optimizations starting with FLIP (blue curves) are compared
to random initialization (orange curves). For each problem random
initialization is repeated 5 times.

even moderately system sizes random parameters will most
likely correspond to a vanishing-gradient region of the opti-
mization landscape. Note that reducing the depth of the cir-
cuits and choosing a different cost can in principle alleviate
barren plateaus for this specific example [5]. Still, as we aim
at testing FLIP in challenging situations, we did not resort to
such alternatives.

2. Individual optimizations

A selected subset of optimizations is plotted in Fig. 6, span-
ning problems of different sizes from n = 4 to 16 qubits, with
a circuit depth equal to the number of qubits, i.e., n = d. For
each of these 4 individual problems, the optimizations starting
from random parameters are repeated 5 times.

Looking at optimization traces for randomly initialized cir-
cuits, one can see that convergence quickly deteriorates when
the size of the circuits involved is increased. Already for sys-
tem size n = 8 qubits, only two out of the five runs show
progress before c.50 iterations. For the case n = 12 qubits
only one out of the five optimizations converged reasonably
close to the minimum, while for n = 16 qubits none of the
runs manage to even slightly improve the objective value.

In contrast, for all the problem instances, circuits initialized
with FLIP converged quickly with an advantage over random
initialization which is most appreciable for the largest circuits
considered. The case n = d = 16 qubits corresponds to prob-
lems twice as deep and as wide (with four times more param-
eters) than the largest circuit seen during training. This probes
the ability of FLIP to correctly identify successful parameters
patterns based on problems of moderate sizes which can be
extrapolated to larger ones.

FIG. 7. Optimization with Adam. Results similar to Fig.6, but for
randomly initialized circuits the gradient-descent method Adam is
used.

3. Optimization with Adam

Results presented in Fig. 6 were obtained with standard gra-
dient descent, where the step in parameter space taken at each
iteration is obtained by multiplying the gradient vector by a
fixed scalar value (the learning rate). Many variations of this
simple routine have been explored, especially in the context
of machine learning. In particular, Adam [49] has become
a popular optimizer used when training neural networks. In
Fig. 7 we reproduce the results displayed in Fig. 6, with the
exception that optimizations starting from random parameters
(green curves) are now performed using Adam. In contrast to
Fig. 6, despite the presence of barren plateaus, optimizations
with Adam are able to progress for any of the sizes studied.
Note that even in this case optimizations with circuits initial-
ized with FLIP , followed by standard gradient descent, con-
verge significantly faster.

Adam relies on adaptive learning rates, which can effec-
tively be quite large especially in the first steps of optimiza-
tions [50]. That is, in principle vanishing gradients could be
magnified by re-scaling them by an arbitrarily large scalar
value or tensor. However we expect that when noise is in-
cluded and dominate the magnitude of these gradients (or of
the higher order derivatives [24]), such approach should fail
as it will consist of taking large steps in almost random direc-
tions. In the next section, we verify that it is indeed the case
for Adam.

4. Optimization with noise

So far, we have assumed noiseless gradients. However in
practice these gradients are estimated through a finite number
of measurements and statistical noise needs to be accounted
for. For that purpose we now include additive i.i.d Gaussian
noise with standard deviation σn = 0.01 and report results
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FIG. 8. Optimization with noisy gradients. Exact same optimiza-
tions as shown in Fig.7, except for the addition of noise in the gra-
dients. This noise is taken to be i.i.d Gaussian distributed with zero
mean and a standard deviation of σn = 0.01. This noise is included
in the gradients during optimization and also when training FLIP .

of optimization performed in this more realistic scenario in
Fig. 8.

For random initialization (green curves) we resort to Adam
as it was found beneficial in the noiseless scenario. Noticeably
the ability to overcome barren plateaus seen in the noiseless
case is now suppressed, as displayed in Fig. 8 for the cases
n = d ≥ 12 (bottom row). This confirms our intuition that
strategies relying on re-scaling gradients by large values are
probably not viable in realistic conditions.

In the case of FLIP (blue curves), both its training and test-
ing are subjected to noisy gradients. When compared to Fig. 7,
one can notice a slight decrease in the overall rate of conver-
gence. Still the main conclusions drawn for the noiseless case
remain unchanged: (i) for circuit sizes pertaining to the train-
ing distributions circuits are initialized already close to the op-
timal parameters (ii) for larger circuits, despite starting further
away, the parameters initialized with FLIP remains in a region
where the gradient signal is strong enough such that the ini-
tial parameters can be quickly refined by gradient-descent. As
such, these results confirm the ability of FLIP to mitigate the
barren plateau phenomenon as long as underlying patterns in
the optimal parameters over varied circuit sizes and objectives
can be learnt.

Appendix C: Max-cut with QAOA

Here we present the patterns in the initial parameters learnt
by FLIP over the distribution of max-cut problems with the
QAOA circuits discussed in Sec. III B. We plot in Fig. 9 the
initial parameter values, produced by FLIP , for circuits of
dimension dτ ∈ [1, 12] layers (colours). The absolute values
(rescaled by π) of the parameters βl and γl are reported in
Fig. 9(a), left and right panels respectively, as a function of the

(a)

(b)

Mixer ( ) Problem ( )

FIG. 9. Patterns in the initial parameters learnt by FLIP for the max-
cut problems with QAOA circuits. (a) Absolute values of the param-
eters θl for varied circuit sizes within 1 ≤ d ≤ 12 layers (colours
in legend) and varied layer position l (x-axis). These are grouped by
parameters pertaining to the mixer (βl) and problem (γl) unitaries, in
the left and right panels respectively. The values (y-axis) are reported
as a fraction of π. (b) Ratio |γl|/(|γl|+ |βl|).

layer position l. In Fig. 9(b) we plot the ratio |γl|/(|γl|+ |βl|).
Clear patterns emerge: at fixed circuit depth the absolute

values of βl (γl) decrease (increase) for increasing layer posi-
tion l. In addition, one can also inspect changes in the initial
values of a fixed parameter but for circuits of varied sizes. In
this case βl (γl) are also found to increase (decrease) for in-
creasing circuit depths. These patterns are qualitatively sim-
ilar to the patterns discovered and exploited in the context of
max-cut QAOA problems [6] and are reminiscent of smooth
schedules used in adiabatic quantum computing [51].

In [6] the authors conducted a thorough study of optimal pa-
rameters found for different QAOA circuit sizes over many re-
peated optimizations. Insights gained on the structure of these
optimal parameters for small problems were subsequently ex-
ploited to engineer a sequential optimization strategy. A cir-
cuit is grown one layer at a time and the initial parameters of
new circuits are obtained by extrapolating the optimized pa-
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FIG. 10. Fermi-Hubbard model with 500 optimization steps. Sim-
ilar to Fig. 4, the average of the normalized costs for circuits initial-
ized with FLIP and randomly are compared, but with a larger number
of iterations (500 steps instead of 100).

FIG. 11. Fermi-Hubbard model with interaction strengths U ∈
[−3, 10]. Results of individual optimizations with randomly and
FLIP -initialized circuits. The training of FLIP is also performed
based on this extended range of interaction values.

rameters of the previous circuit. Directly learning these pat-
terns over many circuit sizes, as made possible using FLIP ,

avoids such sequential procedure and handcrafted extrapola-
tion rules.

Appendix D: Fermi-Hubbard model

In this appendix we provide additional results obtained for
the Fermi-Hubbard model described in Sec. III C.

In Fig. 10 we report results of optimizations of circuits ei-
ther initialized with FLIP or randomly with an extended num-
ber of optimization steps (500 instead of the 100 iterations
showcased in the main text). Similarly to Fig. 4(a) the values
of the normalized costs are averaged over all the testing prob-
lems and displayed as a function of the number of iterations
performed. One can see that the gap between the different ini-
tializers shrinks only after a large number of steps, c.300. Cir-
cuits initialized with FLIP converge faster and show (slightly)
better final convergence in average, even when compared to
the best out of 5 random initializations per problem.

At last, we also consider the case where interaction
strengths U of the FHM can adopt both positive and nega-
tive values. Results for the case U ∈ [−3, 10] are reported
in Fig. 11 for individual testing problems spanning both posi-
tive and negative interaction cases. Details of the training and
testing are the same as in Sec. III C, except for the interaction
strength which is now drawn uniformly within its new range.
These results are in line with the ones reported in the main
text: in almost all cases circuits initialized with FLIP converge
to lower values than the best out of 5 random initializations.

However when considering the larger interval of interac-
tions U ∈ [−10, 10], we found it harder to train FLIP and
in some cases our strategy under-performs random initializa-
tion. Inspecting the absolute values of the normalized costs
(used for training) as a function of the interaction strengths,
we notice that they were significantly smaller for the range
U = [−10,−3] than for the range of interaction strengths
U = [−3, 10]. We believe that it explains the degradation
in performance of FLIP and expect that a better choice of
normalization could resolve these difficulties. Additionally,
it would be interesting to extend FLIP to also learn optimal
learning rates [15] to be used after initialization. Similarly to
the initial parameters, these could be made dependent on the
underlying details of the problems, and in this case compen-
sate for the changes in magnitudes of the cost for varied values
of interactions.
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