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Quantum computers hold promise as accelerators onto which some classically-intractable problems
may be offloaded, necessitating hybrid quantum-classical workflows. Understanding how these two
computing paradigms can work in tandem is critical for identifying where such workflows could
provide an advantage over strictly classical ones. In this work, we study such workflows in the
context of quantum optimization, using an implementation of the Variational Quantum Factoring
(VQF) algorithm as a prototypical example of QAOA-based quantum optimization algorithms. We
execute experimental demonstrations using a superconducting quantum processor, and investigate
the trade off between quantum resources (number of qubits and circuit depth) and the probability
that a given integer is successfully factored. In our experiments, the integers 1,099,551,473,989 and
6,557 are factored with 3 and 5 qubits, respectively, using a QAOA ansatz with up to 8 layers.
Our results empirically demonstrate the impact of different noise sources, and reveal a residual ZZ-
coupling between qubits as a dominant source of error. Additionally, we are able to identify the
optimal number of circuit layers for a given instance to maximize success probability.

I. INTRODUCTION

While near-term quantum devices are approaching the
limits of classical tractability [1, 2], they are limited in the
number of physical qubits, and can only execute finite-
depth circuits with sufficient fidelity to be useful in ap-
plications [3]. Hybrid quantum-classical algorithms hold
great promise for achieving a meaningful quantum ad-
vantage in the near-term [4–6] by combining the quantum
resources offered by near-term devices with the compu-
tational power of classical processors. In a hybrid al-
gorithm, a classical computer pre-processes a problem
instance to expose the core components which capture
its essential computational hardness, and is also in a
form compatible with a quantum algorithm. The clas-
sical computer then utilizes a near-term quantum com-
puter to finish solving the problem. The output of the
quantum computer is classical bitstrings which are post-
processed classically. This interaction may be iterative:
the classical computer may also send communication and
control signals to and from the quantum device, for ex-
ample, by proposing new parameter values to be used in
a parameterized quantum circuit.

Quantum algorithms developed for near-term quantum
hardware will have to contend with several hardware re-
strictions, such as number of qubits, coupling connec-
tivity, gate fidelities, and sources of noise, which are all
highly dependent on the particular quantum processor
the algorithm is being run on. Tradeoffs between different
resources have recently been demonstrated [7] in the con-
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text of running quantum circuits. However, even as fault-
tolerant quantum processors are built, classical comput-
ing will still be required to perform pre-processing and
post-processing, as well as for quantum error-correction
[8]. Therefore, understanding how quantum and clas-
sical computing resources can be leveraged together is
imperative for extracting maximal utility from quantum
computers.

An illustration of this hybrid scheme, in the context of
this work, is shown in Fig. 1. In this work, we imple-
ment the variational quantum factoring (VQF) algorithm
[9] on a superconducting quantum processor. VQF is an
algorithm for tackling an NP problem with a tunable
trade off between classical and quantum computing re-
sources, and is feasible for near-term devices. VQF uses
classical pre-processing to reduce integer factoring to a
combinatorial optimization problem which can be solved
using the quantum approximate optimization algorithm
(QAOA) [10].

VQF is a useful algorithm to study for 3 reasons. First,
an inverse relationship exists between the amount of clas-
sical pre-processing and the number of required qubits
needed to finish solving the problem, resulting in a tun-
able tradeoff between the amount of classical compu-
tation and qubits used. Second, the complexity of the
quantum circuit acting on those qubits is tunable by ad-
justing the number of layers used in the QAOA ansatz.
Finally, VQF has the advantage that its success is quickly
verifiable on a classical computer, by checking if the pro-
posed factors multiply to the input biprime.

This paper is organized as follows. Section II pro-
vides an overview of the variational quantum factoring
algorithm. Section III describes the experimental results
from our implementation. Furthermore, we study the
impact of different sources of noise on the algorithm’s
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FIG. 1. Tunable resource tradeoffs with variational quantum factoring (VQF). Left: Given an integer N to be
factored, varying amounts of classical pre-processing steps result in a different number of qubits required for the optimization
problem, and defines a “problem Hamiltonian”. Middle: The optimization problem is solved on quantum hardware using the
QAOA with p layers. Using classical optimization, the algorithm finds parameters γ and β that prepare a trial state which
approximates the ground state of the problem Hamiltonian. Right: Classical post-processing combines the measurement results
on the quantum device with classical pre-processing and evaluates the algorithm success.

performance. The analysis in this section extends be-
yond VQF and to any general instance of QAOA. We
conclude in Section IV, and consider the implications of
this work.

II. VARIATIONAL QUANTUM FACTORING

The variational quantum factoring (VQF) algorithm
maps the problem of factoring into an optimization prob-
lem [11]. Given an n-bit biprime number

N =

n−1∑
k=0

2kNk, (1)

factoring involves finding the two prime factors p and q
satisfying N = pq, where

p =

np−1∑
k=0

2kpk, (2)

q =

nq−1∑
k=0

2kqk. (3)

That is, p and q can be represented with nq and np bits,
respectively.

Factoring in this way can be thought of as the inverse
problem to the “longhand” binary multiplication: the
value of the ith bit of the result, Ni, is known and the
task is to solve for the bits of the prime factors {pi}and
{qi}. An explicit binary multiplication of p and q yields
a series of equations that have to be satisfied by {pi}and
{qi}, along with carry bits {zi,j} which denote a bit carry
from the ith to the jth position. Re-writing each equation
in the series allows it to be associated to a particular
clause in an optimization problem relating to the bit Ni:

Ci = Ni −
i∑

j=0

qjpi−j −
i∑

j=0

zi,j +

np+nq−1∑
j=1

2jzi,i+j . (4)

In order for each clause, Ci, to be 0, the values of {pi},
{qi} and the carry bits {zi,j} in the clause must be cor-
rect. By satisfying the constraint for all clauses, the fac-
tors p and q can be retrieved.

Given this, the problem of factoring is thus reduced
to a combinatorial optimization problem. Such problems
can be solved using quantum computers by associating a
qubit with each bit in the clause. The number of qubits
needed depends on the number of bits in the clauses.
As discussed in [9], some number of classical preprocess-
ing heuristics can be used to simplify the clauses (that
is, assign values to some of the bits {pi} and {qi}). As
classical preprocessing removes variables from the opti-
mization problem (by explicitly assigning bit values), the
number of qubits needed to complete the solution to the
problem is reduced. The new set of clauses will be de-
noted as {C ′i}; Appendix B discusses details of this clas-
sical preprocessing.

Each clause C ′i can be mapped to a term in an Ising

Hamiltonian Ĉi by associating each bit value (bk ∈
{pi, qi, zi,j}) to a corresponding qubit operator:

bk 7→
1

2
(1− Zk). (5)

The solution to the factoring problem corresponds to
finding the ground state of the Hamiltonian

ĤC′ =

n∑
i=0

Ĉ2
i , (6)

with a well defined ground state energy E0 = 0. Be-
cause each clause Ci in Equation 4 contains quadratic
terms in the bits and the Hamiltonian ĤC′ is a sum of
squares of Ĉi, ĤC′ includes 4-local terms of the form
Zi ⊗ Zj ⊗ Zk ⊗ Zl. (An operator is k-local if it acts
non-trivially on at most k qubits.) Much of the lit-
erature on quantum optimization so far has considered
solving MAXCUT problems on d-regular graphs [10, 12],
which can be mapped to problems of finding the ground
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states of 2-local Hamiltonians. Other problems, such as
MAX-3-LIN-2 [13, 14], can be directly mapped to ground
state problems of 3-local Hamiltonians. The 4-local Ising
Hamiltonian problems produced for VQF motivates a
new entry to the classes of Ising Hamiltonian problems
currently studied in the context of QAOA. In principle,
one can reduce any k-local Hamiltonian to 2-local by well-
known techniques [15, 16]. However, the interactions be-
tween the qubits in the resulting 2-local Hamiltonian is
not guaranteed to correspond to a d-regular graph, which
again falls outside the scope of existing considerations in
the literature.

The ground state of the Hamiltonian in equation (6)
can be approximated on near-term, digital quantum com-
puters using QAOA [10]. QAOA is a computationally
universal variational quantum algorithm [17] and good
candidate for demonstrating quantum advantage through
combinatorial optimization [18]. Each layer of a QAOA
ansatz consists of two unitary operators, each with a tun-
able parameter. The first unitary operator is

UH(γ) = e−iγĤC′ where γ ∈ [0, 2π), (7)

which applies a phase according to the cost Hamiltonian
ĤC′ . The second unitary is the admixing operation

Ua(β) =

n∏
i

e−iβXi where β ∈ [0, π), (8)

which applies a single-qubit rotation around the X-axis
with angle 2β.

For a given number of layers p, the combination of
UH(γ) and Ua(β) are repeated sequentially with different
parameters, generating the ansatz state

|γ,β〉 = Ua(βp−1)UH(γp−1) · · ·Ua(β0)UH(γ0) |+〉⊗n ,
(9)

parameterized by γ = (γ0, · · · , γp−1) and β =
(β0, · · · , βp−1). The approximate ground state for the
cost Hamiltonian can reached by tuning these 2p param-
eters. Given this ansatz state, a classical optimizer is
used to find the optimal parameters γopt and βopt mini-
mizing the expected value of the cost Hamiltonian

E(γ,β) = 〈γ,β| ĤC′ |γ,β〉 , (10)

where for each γ and β the value E(γ,β) is estimated
on a quantum computer.

The circuit
∣∣γopt,βopt

〉
is then prepared on the quan-

tum computer and measured. If the outcome of the mea-
surement satisfies all the clauses, it can be mapped to
the remaining unsolved binary variables in {pi}, {qi},
and {zi,j}, resulting in the prime factors p and q.

The success of VQF is measured by the probability
that a measured bitstring encodes the correct factors.
Define the set Ms = {mj} consisting of all bitstrings
sampled from the quantum computer that satisfy all the
clauses in the Hamiltonian, ĤC′ . We can therefore de-
fine the success rate, s(γ,β), as the proportion of the

bitstrings sampled from |γ,β〉 that satisfy all clauses in
{C ′i}:

s(γ,β) =
|Ms|
|M |

, Ms = {mj ∈M |
∑

Ci = 0} (11)

where |Ms| is the number of elements in Ms and |M | is
the total number of measurements sampled.

In order to successfully factor the input biprime, only
one such satisfactory bitstring needs to be observed.
However, if that bitstring occurs very rarely, then many
repeated preparations and measurements of the trial
state are necessary. Therefore, a higher value of s(γ,β) is
generally preferred. Note that E(γ,β) ≥ 0, with equality
if, and only if, s(γ,β) = 1.

FIG. 2. QAOA optimization landscapes. For a fixed
VQF instance on 3 qubits, we study the impact of noise (rows)
on the optimization landscape as a function of the number
of QAOA layers in the ansatz (columns). To produce these
landscapes, we use a resolution of π/32, resulting in 1024 grid
points. For the second and third layers, the ansatz parameters
for the previous layers are fixed to the optimal parameters
found through ideal simulation.
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FIG. 3. Success rates for running VQF on the integers (a) 1099551473989 and (b) 6557 using 3 and 5 qubits,
respectively. We compare the results obtained from experiments (red line) to ideal simulation (blue line), simulation containing
phase and amplitude damping noise (orange line), and the residual ZZ-coupling (green line). The amplitude damping rate
(T1≈64µs), dephasing rate (T2≈82µs), and residual ZZ-coupling (ξ/2π ≈ 245.7kHz for the 3 qubit instance and ξ/2π ≈ 80.1kHz
for the 5 qubit instance) reflect the values measured on the quantum processor. We observe that our experimental performance
is limited by the residual ZZ-coupling present in the quantum processor.

III. EXPERIMENTAL ANALYSIS

In this work, we implement the VQF algorithm using
QAOA on the ibmq boeblingen superconducting quan-
tum processor (Appendix A) to factor two biprime in-
tegers: 1,099,551,473,989 and 6,557 which are classically
preprocessed to instances with 3 and 5 qubits respec-
tively. The number of qubits required for each instance
varies based the amount of classical pre-processing per-
formed; we use 24 iterations of classical pre-processing
for 1,099,551,473,989 and 9 iterations for 6,557.

In order to optimize the QAOA circuit to find γopt and
βopt we employ a layer-by-layer approach [19]. Although
there are alternative strategies for training QAOA cir-
cuits [20, 21], this approach has been shown to require a
grid resolution that scales polynomially with respect to
the number of qubits required [9]. This approach has two
phases.

In the first phase, for each layer k, we first evaluate a
two-dimensional energy landscape by sweeping through
different γk and βk values while fixing the parameters
for the previous layers (1, 2, ... through k − 1) to the
optimal values found earlier. In our experiments, for
1,099,551,473,989 we evaluate the energy for discrete val-
ues of γk and βk ranging from 0 to 2π with a resolution of
π/6, which yields 144 circuit evaluations for each layer.
For 6,557, we use a resolution of 2π/23, which yields 529
circuit evaluations for each layer (Fig. 10). We use the
degeneracy in the energy landscape caused by evaluating
β up to 2π instead of π as a feature to better understand
the pattern of the energy landscape. We then select the
optimal values for γk and βk from this grid, and combine
them with the optimal values from the previous layer.
We increment k until it reaches the last layer, in which
case the completion of the final round of the above steps
marks the end of the first phase of the algorithm.

In the second phase, we use the values {(γk, βk)}

obtained from the first phase as the initial point
for a gradient-based optimization using the L-BFGS-B
method over all 2k parameters. In order to measure the
gradient of E(γ,β) with respect to the individual vari-
ational parameters, we use analytical circuit gradients
using the parameter-shift rule [22]. As shown in Fig. 3,
we use the optimal parameters found for a circuit with p
layers using this method to calculate the algorithm suc-
cess rate as defined by equation (11).

The performance of our algorithm relies on the op-
timization of an energy surface spanned by the varia-
tional parameters γ and β for each layer. Consequently,
by studying this energy surface, we can understand the
performance of the optimizer in tuning the parameters
of the ansatz state, which in turn impacts the success
rate. We do so by visualizing the energy landscape for
the kth layer of the ansatz as a function of the two varia-
tional parameters, βk and γk, fixing γ = (γ0, .., γk−1) and
β = (β0, .., βk−1) to the optimal values obtained through
ideal simulation. Comparing these landscapes between
experimental results, ideal simulation, and noisy simula-
tion provides us with a valuable insight into the perfor-
mance of the algorithm on quantum hardware.

The main sources of incoherent noise present in the
quantum processor are qubit relaxation and decoherence.
In order to capture the effects of these sources of noise on
our quantum circuit in simulation, we apply a relaxation
channel with relaxation parameter εr and a dephasing
channel with dephasing parameter εd after each gate, de-
scribed by:

E(ρ) =

3∑
m=1

EmρE
†
m, (12)
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with Kraus operators

E1 =

(
1 0
0
√

1− εr − εd

)
,

E2 =

(
1
√
εd

0 0

)
,

E3 =

(
1 0
0
√
εr

)
.

(13)

Furthermore, a dominant source of coherent error is a
residual ZZ-coupling between the transmon qubits [23].
This interaction is caused by the coupling between the
higher energy levels of the qubits, and is especially pro-
nounced in transmons due to their weak anharmonic-
ity. In our experiments we measure the average resid-
ual ZZ-coupling strength for the qubit in use to be
ξ/2π = 135 ± 82kHz (Appendix A 2). While the addi-
tional ZZ rotation caused by this interaction can be com-
pensated by the tunable parameters γ, this interaction
has a severe impact on the two-qubit gates. In our experi-
ments the Ising terms eiγZZ = CNOT◦ I⊗Z(γ)◦CNOT
are realized using a single-qubit Z rotation conjugated
by CNOT gates. Each CNOT is comprised of a ZX
term generated by the cross-resonance (CR) gate [24] and
single-qubit rotations:

CNOT = e−i
π
4 [ZI]−1/2[ZX]1/2[IX]−1/2 (14)

However, in the presence of residual ZZ-coupling, the
axis of rotation of the cross-resonance gate is altered:

CR(t) = eiΓZXt 7→ ei(ΓZX+ξZZ)t (15)

where Γ is the ZX coupling between the qubits as the
result of the cross-resonance drive and ξ is the residual
ZZ-coupling strength. As a result the two-qubit interac-
tions are fundamentally altered, which leads to a source
of error that cannot be corrected for through the varia-
tional parameters.

Figure 2 shows the energy landscapes from factoring
1,099,551,473,989 across 3 layers. Comparing the the en-
ergy landscape produced in experiment with the ideal
simulation and noisy simulations indicates that the en-
ergy landscapes produced in experiment is in close agree-
ment with those produced by the ideal simulation and
the simulation with incoherent noise for p = 1 and p = 2.
However, for p = 3 the energy landscapes produced in
experiment have considerable deviations from the ideal
simulations due to coherent errors. The presence of inco-
herent sources of noise do not change the energy land-
scape pattern, and only reduce the contrast at every
layer. On the other hand, the residual ZZ-coupling be-
tween qubits alters the pattern of the energy landscape.
While at lower depths the impact of this noise source is
minor, as we add more layers the effects will accumulate,
constructively interfere, and amplify due to the coherent
nature of the error.

Figure 3 reports the average success rate of VQF as
a function of the number of layers in the ansatz for ex-
periment and simulation. As would be expected, in the

ideal case the average success rate approaches the ideal
value of 1 with increasing layers of the ansatz for each of
the instances studied. Comparing experimental results
to those obtained from ideal simulation shows a large
discrepancy in the success rate. This discrepancy is not
explained by the incoherent noise caused by qubit relax-
ation and dephasing; the coherent error caused by the
residual ZZ-coupling is the dominant effect negatively
impacting the success rate. Therefore we conclude that
the performance of VQF is limited by the residual ZZ-
coupling between the qubits.

We investigate the impact of different noise channels

FIG. 4. Impact of different sources of noise on success
rate when factoring 6,557 using 5 qubits: (a) amplitude
damping, (b) phase damping, and (c) residual ZZ-coupling
between qubits with a two-qubit gate time of tg = 315 ns.
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on the success rate scaling of VQF, with results shown in
Figure 4. In the ideal scenario, with every added layer of
QAOA, which increases the ansatz expressibility [25], the
algorithm success rate increases. However, in the pres-
ence of amplitude damping, after an initial increase in the
success rate we observe a steady decay in the algorithm’s
performance. This decay is a result of qubit relaxation
back to the |0〉 state. In contrast, qubit dephasing leads
to a plateau in QAOA’s performance. This behavior is
caused by a loss of quantum coherence at higher layers of
circuit which hinders the quantum interference required
for the algorithm. Similar to dephasing, the residual ZZ-
coupling between qubits also causes a plateau in the suc-
cess rate of VQF.

While each of these sources of noise impacts the algo-
rithm’s performance, the residual ZZ-coupling between
the qubits in the quantum processor has the most dom-
inant impact on the success rate. The accumulation of
coherent noise from this source significantly alters the
ansatz at higher layers, and cannot be corrected using
the variational parameters. The results shown in Fig.
4 indicate that the performance of VQF can be signifi-
cantly improved by engineering ZZ suppression [26, 27].
Since VQF is a non-trivial instance of QAOA we expect
this performance analysis to also hold for other quantum
algorithms based on QAOA.

IV. CONCLUSION

In this work we analyzed the performance of VQF on a
fixed-frequency superconducting quantum processor, and
investigated several kinds of classical and quantum re-
source tradeoffs. We map the problem of factoring to an
optimization problem and use variable amounts of classi-
cal preprocessing to adjust the number of qubits required.
We then use the QAOA ansatz with a variable number of
layers (p) to find the solution to the optimization prob-
lem. We find that the success rate of the algorithm satu-

rates as p increases, instead of decreasing to the accuracy
of random guessing. While more layers increases the ex-
pressibility of the ansatz, at higher depths the circuit
suffer from the impacts of noise.

Our analysis indicate that the residual ZZ-coupling
between the qubits significantly impacts performance.
While relaxation and decoherence destroy the quantum
coherence at the deeper layers of QAOA, the effect of
coherent noise can quickly accumulate and limit perfor-
mance. By developing a noise model incorporating the
coherent sources of noise, we are able to much more ac-
curately predict our experimental results.

There has been various techniques [7, 28] proposed for
benchmarking the capability of a quantum device for per-
forming arbitrary unitary operations. However, recent
findings on experimental systems [3] suggest that exist-
ing benchmarking methods may not be effective for pre-
dicting the capability of a quantum device for specific
applications. This has motivated recent works that fo-
cus on benchmarking the performance of a quantum de-
vice for applications such as generative modeling [29] and
fermionic simulation [30]. Our study of VQF on a super-
conducting quantum processor has the potential to be-
come another entry in the collection of such “application-
based” benchmarks for quantum computers.
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Appendix A: Experimental Hardware

1. Device Information

0 1 2 3 4

5 6 7 8 9

10 11 12 13 14

15 16 17 18 19

FIG. 5. IBMQ Boeblingen connectivity map. For fac-
toring 1099,551,473,989 we use qubits 0, 1, and 2 (shaded in
maroon) and for factoring 6,557 we use qubits 3, 6, 7, 8, and
12 (shaded in green).

For our experiments we use the 20 qubit Boeblingen
system. This quantum processor consists of 20 fixed-
frequency transmon qubits, with microwave-driven sin-
gle and two-qubit gates, and with a connectivity map as
depicted in Fig. 5. For the experiments discussed in this
paper use the CNOT as our native two-qubit gate which
is driven via the cross-resonance interaction between cou-
pled qubits. Experiments were conducted on the high-
lighted qubits, for their respective single and two qubit
gate fidelities have a higher fidelity, as well as a relatively
low readout error. Qubit properties and two-qubit gate
characterization can be found in table II and I respec-
tively. For factoring 1099,551,473,989 we use Q0, Q1,
and Q2, whereas for factoring 6,557 we use Q3, Q6, Q7,
Q8, and Q12.

Error Time (ns)

Q0-Q1 7.38e-03 ± 9.7e-04 220

Q1-Q2 6.87e-03 ± 9.9e-04 334

Q6-Q7 13.55e-03 ± 55.8e-04 256

Q7-Q8 10.76e-03 ± 10.4e-04 412

Q7-Q12 14.96e-03 ± 86.1e-04 306

Q8-Q3 10.06e-03 ± 12.3e-04 363

TABLE I. Two-qubit properties. Data acquired over the
span of 14 days.

2. Residual ZZ-coupling

In addition to the well-known incoherent processes
of relaxation and dephasing, there are coherent noise

Coupling ξ/2π (kHz)

Q0-Q1 275.8 ± 9.0

Q1-Q2 215.7 ± 26.0

Q6-Q7 113.1 ± 6.0

Q7-Q8 72.1 ± 4.6

Q7-Q12 81.3 ± 22.5

Q8-Q3 54.1 ± 3.0

FIG. 6. Measuring the strength of the residual ZZ-
coupling between pairs of qubits. For each of the pairs
of qubits used in the experiments shown in Fig. 3, we measure
and report the strength of the residual ZZ-coupling between
qubits.

mechanisms that may affect the overall algorithm per-
formance. Taking into account these coherent errors has
become increasingly important in near term algorithms,
for their effects cannot be captured by standard bench-
mark techniques (such as randomized benchmarking),
which may impact the overall performance of a quantum
algorithm. For superconducting qubits in general, and
especially for fixed-frequency transmons, these coherent
sources of error are qubit crosstalk due to microwave
leaking out from one qubit to another while driving sin-
gle qubit gates, and residual ZZ-coupling between con-
nected qubits, due to the relatively small anharmonicity
of the transmons. Qubit crosstalk is relatively harm-
less in variational algorithms, for its effect, namely single
qubit overrotations, can be learned and cancelled out by
the classical optimizer on each optimization step. How-
ever, the residual ZZ noise which accumulates during the
gates cannot be learned by the optimizer, as it doesn’t
commute with the native ZX term from the CR gate, and
needs to be taken into account in the quantum circuit.

In order to estimate the effect of the residual ZZ-
coupling in actual experiments, it is crucial to derive
an accurate Hamiltonian model that captures the effect
of higher energy levels in the energy spectrum. To this
end, we sketch the derivation of an effective Hamiltonian
for two transmon qubits interacting through a common
transmission line resonator (which corresponds to qubits
connected through solid lines in Fig. 5). We model the
transmon qubit j as a Duffing oscillator

Hqbi = ω0(b†i bi + 1/2) +
δi
2
b†i bi(b

†
i bi − 1), (A1)

that interacts with other transmons via the transmission
line resonator through the exchange of virtual excitations

H = ωresa
†a+Hqb1

+Hqb2
+

2∑
j=1

gj(a
†bj +H.c), (A2)
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Property Q0 Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q12

1QB Gate Error mean 4.28e-04 3.08e-04 2.83e-04 4.03e-04 7.07e-04 5.19e-04 7.37e-04 3.16e-04 4.20e-04 4.08e-04 3.47e-04

std 1.56e-04 5.09e-05 7.98e-05 6.61e-05 4.13e-04 1.05e-04 5.230e-04 4.80e-05 8.72e-05 6.20e-05 3.54e-05

Frequency (GHz) mean 5.05 4.85 4.70 4.77 4.37 4.91 4.73 4.55 4.66 4.77 4.74e

std 2.42e-06 4.35e-06 3.18e-06 3.73e-06 1.01e-05 9.48e-05 1.49e-05 4.26e-06 4.84e-06 6.37e-05 3.26e-06

Readout Error (%) mean 2.48 2.73 3.68 2.28 5.13 1.95 4.69 3.80 5.76 6.34 4.59

std .523 .348 .964 .373 4.27 .711 1.54 .805 .352 2.43 .465

T1 (µs) mean 62.8 59.1 105 80.2 87.3 80.0 64.2 81.0 44.8 57.5 80.5

std 21.3 11.5 21.7 8.98 17.4 19.5 15.0 14.0 12.4 5.61 17.7

T2 (µs) mean 97.4 86.5 104 42.7 76.9 54.2 75.0 88.9 69.6 84.4 107

std 38.6 21.9 31.2 4.38 32.3 16.3 20.7 17.7 18.1 40.0 26.1

TABLE II. Single-qubit characterization. Data acquired over the span of 14 days.

where gj represents the coupling constant between trans-
mon j and the resonator. We can diagonalize this Hamil-
tonian through a Schrieffer-Wolff transformation to adia-
batically remove the resonator effect, getting an effective
transmon-transmon interaction that reads

H =

2∑
j=1

ωjb
†
jbj + J(b†1b2 + b†2b1), (A3)

where J = −g1g2 × (∆1 + ∆2)/2(∆1∆2), is the effective
coupling between transmons, and ∆j = ωres−ωj the de-
tuning between the transmon j and resonator. We now
bring the above Hamiltonian to its diagonal form, as it
represents the physical basis where the qubits are actu-
ally measured, and project it to the two-qubit subspace,
yielding

H =

2∑
j=1

ω̃jZj + ξZ1Z2, (A4)

where ω̃j are (dressed) qubit frequencies that are ac-
tually measured in an experiment, and ξ = 2J2(δ1 +
δ2/(δ1−∆)(δ2 + ∆)). The residual ZZ-coupling between
two qubits, Qi and Qj , can be experimentally measured
by finding the difference in the Ramsey oscillation fre-
quency of Qi while Qj is in the |0〉 and |1〉 state. The
residual ZZ-coupling between the qubits used in our ex-
periments can be found in Fig. 6.

Appendix B: VQF Preprocessing

By simplifying the clauses using binary rules we reduce
the quantum resources required for executing the VQF
algorithm. The classical preprocessing procedure iterates
through all clauses {Ci} a constant number of times, us-
ing the a set of binary rules to solve or make deductions
where possible. Assuming x, y, z ∈ F2, a ∈ Z+ we apply
the following classical preprocessing rules:

1. xy = 1⇒ x = y = 1

FIG. 7. Empirical results on number of qubits required
for factoring a biprime N after classical preprocessing

2. x+ y = 1⇒ xy = 0

3. x+ y = 2z ⇒ x = y = z

4.
∑a
i=1 xi = a⇒ xi = 1

5. if xi = 1 violates max(lhs) = max(rhs)⇒ xi = 0

6. if min(lhs) < min(rhs) and x is the only variable
on lhs ⇒ x = 1

7. the parity of the lhs must be the same as the rhs

The runtime of the classical preprocessor is O(n2) [9].
Without preprocessing the VQF qubit requirements scale
as O(n2), whereas this resource bound empirically gets
reduced toO(nlogn) using the classical preprocessor (Fig.
7). We additionally note that for certain biprimes, the
preprocessor is able to significantly reduce the number
of required qubits, in some cases completely solving the
clauses. Additionally, in Figure 8, we show the scaling of
1-local, 2-local, 3-local, and 4-local terms in the resulting
hamiltonians, after classical preprocessing, for factoring
a given biprime N .
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FIG. 8. Empirical results on number of n-local terms
in the hamiltonain for factoring a biprime N after
classical preprocessing

Appendix C: Circuit Metrics

CNOT gates Single-qubit gates Circuit depth

1st layer 4 22 13

2nd layer 8 41 25

3rd layer 12 60 37

4th layer 16 79 49

5th layer 20 98 61

6th layer 24 117 73

7th layer 28 136 85

8th layer 32 155 97

TABLE III. Properties of QAOA circuits
1,099,551,473,989 (3 qubits). The qubit mapping
used for this instance is: [0, 1, 2].

CNOT gates Single-qubit gates Circuit depth

1st layer 13 44 25

2nd layer 29 86 52

3rd layer 45 128 76

4th layer 94 203 116

5th layer 95 230 132

6th layer 147 308 176

7th layer 147 334 197

8th layer 162 375 226

TABLE IV. Properties of QAOA circuits on 6,557 (5
qubits). The qubit mapping used for this instance is: [6, 7,
12, 8, 3].

In Tables III and IV, we show the relevant properties
for the circuits used in both simulation and experiment
for each of the problems studied. We use the Qiskit tran-
spiler, with the optimization level set to 1, to create the

circuits with the correct gate set for IBMQ devices. Due
to the non-deterministic nature of this transpiler, we in-
dependently run the transpilation process 10 times, using
the circuit with the least number of cx gates.

Appendix D: 297491 (4 qubits)
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FIG. 9. Success rates for running VQF on the integer
297,491 using 4 qubits. The qubits used for this instance
are 6, 7, 8, and 12. We compare the results obtained from
experiments (red line) to ideal simulation (blue line), simula-
tion containing phase and amplitude damping noise (orange
line), and the residual ZZ-coupling (green line). The am-
plitude damping rate (T1≈64µs), dephasing rate (T2≈82µs),
and residual ZZ-coupling (ξ/2π ≈ 189kHz) reflect the values
measured on the quantum processor.

In Fig. 9, we show the results of running the VQF
algorithm on the integer 297,491 using 4 qubits (6, 7,
8, and 12). Similar to the results shown in Fig. 3, we
present the success rate of the VQF algorithm as a func-
tion of the number of layers in our QAOA ansatz and
compare results from experiment with those from simu-
lation with different noise models. In contrast to results
shown in Fig. 3, we note that the residual ZZ-coupling
between qubits does not alone explain the degradation in
the success of the algorithm when run on the quantum
processor. This suggests the presence of an additional
source of noise that is unaccounted for, eventhough the
qubits used in this instance are a subset of the ones used
to factor 6,557. It is clear that this additional source
of noise is impacting the success of the VQF algorithm,
which underscores the need to examine realistic applica-
tions on near-term devices.

Appendix E: Higher depth energy landscapes

In Fig. 10 we display the energy landscapes for the
instances representing 1,099,551,473,989 and 6,557 using
3 and 5 qubits respectively for p = (1, 2, · · · , 8). We
observe that the landscapes for p = (2, · · · , 8) follow a
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FIG. 10. QAOA optimization landscapes. For each VQF instance (columns), we show the resulting optimization landscape
as a function of the number of QAOA layers in the ansatz (rows). For the 3 qubit instance (leftmost column), the landscapes
are obtained with a 12x12 grid, resulting in 144 uniformly spaced points. Whereas the landscapes obtained for the 5 qubit
instance is created using a 23x23 grid with 529 uniformly spaced points.

similar pattern, not only between layers, but across in-
stances as well. Additionally, we note that we continue
to observe structure in the landscapes for high-depth cir-

cuits. As reported in Table IV, the landscape produced
for 6,557 with 8 layers requires approximately 162 CNOT
gates, 375 single-qubit gates, and circuit depth of 226.
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